Abstract. We review some basic facts on vector fields, in the complex-analytic setting, thus, obtaining a rationality result and an extension of the Birkhoff-Grothendieck theorem, as follows:
Introduction
The (complex) Lie algebras appear, mainly, through their representations but, also, as acting (infinitesimally, through holomorphic vector fields) on compact complex manifolds. The two occurrences overlap in the setting provided by compact complex manifolds Z endowed with a very ample line bundle L . Indeed, some of the holomorphic vector fields on Z lift to (extended) infinitesimal automorphisms on L and therefore are induced by linear endomorphisms of the space of holomorphic sections of L . The problem of which holomorphic vector fields are obtained this way is, essentially, the same with the existence problem for certain holomorphic partial connections on L [13] (cf. [1] ; see, also, Section 2 , below). It follows (see Theorem 2.2 ) that these vector fields are characterised by the fact that their zero set is nonempty, a (classical) result obviously related to the Borel fixed point theorem.
It, also, follows that if the extended Lie algebra g L of infinitesimal automorphisms of L is nontrivial then Z is covered by rational curves [12] (see Corollary 2.4 ), result which provides a glimpse of the importance of the rational curves in geometry (see [11] and the references therein, for more on this). From the differential geometric point of view, we could deduce that if g L is not solvable then a Zariski open subset of Z is the twistor space of a ρ-quaternionic manifold [16] .
The study of g L is, also, motivated by the fact that some of the basic open problems in geometry are related to the following simple question: to what extent Z is determined by g L ? (see, also, [10] for other results on g L ). After a review, in Section 1 , of nilpotent vector fields on the complex projective space, we show (Theorem 2.5 ) that if the representation of g L on the space of holomorphic sections of L is irreducible then Z is rational.
In Section 3 , we continue the study of extended Lie algebras of infinitesimal automorphisms of holomorphic principal bundles by taking Z to be the Riemann sphere but by allowing more general structural groups. This leads to a natural extension (Corollary 3.5 ) of the Birkhoff-Grothendieck theorem through a natural approach which, also, provides a simple way of determining the normal bundles of the Veronese curves (Example 3.6(2) ).
Nilpotent vector fields on the projective space
Unless otherwise stated, all the manifolds and maps are assumed complex analytic. If Z is a manifold, we denote by O Z its sheaf of functions (which can be seen as the sheaf of sections of the trivial line bundle over Z). Further, if Pic Z = Z then we denote by O Z (n) , or just O(n) if there is no danger of confusion, the (isomorphism class of) line bundle(s) corresponding to n ∈ Z .
In this section, we review some (known) facts which will be used later on. Firstly, let E be a vector space and let U ⊆ E be a vector subspace. Then P E \ P U is a tubular neighbourhood for any complex projective subspace of P E disjoint from P U and of maximal dimension. Indeed, let V ⊆ E be a vector subspace such that E = U ⊕ V . Then we have a diffeomorphism P E \ P U → U ⊗ O P V (1) , intertwining the projections onto P V , which to any [u + v] ∈ P E with u ∈ U and v ∈ V \ {0} associates u⊗ α v , where α v ∈ Cv * is such that α(v) = 1 . It is straightforward to check that this way we have defined a diffeomorphism, as claimed. For example, its inverse associates to any
Note that, through this diffeomorphism, P V corresponds to the zero section of U ⊗ O P V (1) . Therefore there is no canonical (that is, independent of P V ) diffeomorphism from P E \ P U onto U ⊗ O P (E/U ) (1) inducing the above mentioned one. Furthermore, any linear Hermitian structure on E such that U ⊥ = V induces a linear Hermitian structure on U ⊗ O P V (1) and the corresponding bundle of unit open balls, also, corresponds to a tubular neighbourhood of P V into P E . Moreover, the boundary of its closure (essentially, the unit sphere bundle of U ⊗ O P V (1) ) is a smooth bundle whose space of sections can be identified with the subspace S of the unit sphere of U ⊗ V formed of the decomposable vectors; that is, of the form u ⊗ v with u ∈ U and v ∈ V . Similarly, S is also the sphere bundle of O P U (1) ⊗ V and the projection S → P U is induced by E → U .
Consequently, we have the following fact.
Proposition 1.1. P E is homeomorphic to the bundle of closed unit balls of U ⊗O P V (1) attached to P U through the projection from S onto P U .
We shall, also, need the following two simple lemmas.
Hence, the codimension of U in E is equal to the codimension of U ∩ W in W . As the former codimension is equal to the dimension of V , the spaces (U ∩ W ) ⊕ V and W have the same dimension. Together
Because V ⊆ W , the latter equality implies that U ∩ V = {0} , and the fact that the codimension of U ∩ W in W is equal to the dimension of V . But the codimension of U ∩ W in W is, also, equal to the codimension of U in E. Consequently, E = U ⊕ V .
Proof. Apply Lemma 1.2 with U = V j−1 , V = U j−1 and W = U j , for j = 2, . . . , k .
Note that, any pair of complementary complete flags of E induces, through Proposition 1.1 and Lemma 1.3 , the usual cellular decomposition of P E .
If A is a linear endomorphism on E we shall, also, denote by A the vector field induced on P E . If A is nilpotent then the closure of any of its nontrivial orbits on P E is a rational curve; that is, a nonconstant map from the projective line to P E . More precisely, suppose that A is nilpotent of degree k + 1 , where k ∈ N . Then we have two increasing filtrations
(the dimensions of each of which determine A , up to conjugations). Thus, if u ∈ ker A j+1 \ ker A j , for some j = 1, . . . , k , then u , Au , . . . , A j u are linearly independent, and, hence, the closure of the orbit of A through [u] ∈ P E is a (smooth) normal rational curve of degree j . (ii) If the nilpotency degree of A is equal to k + 1 , the inclusion of P E \ P ker A k into P E is homotopic to the map induced by A k .
Proof. The first assertion is obvious. To prove (ii) , note that, the flow of A on P E defines a rational map from CP 1 × P E to P E which is, also, represented by a map ϕ :
, for any x ∈ P E \ P ker A k . Then ϕ 0 is just the inclusion of the complement of P ker A k into P E , whilst ϕ ∞ is given by the endomorphism A k .
We end this section with the following fact. Proposition 1.5. Let A and B be nilpotent endomorphisms of degree k + 1 on E generating a Lie algebra isomorphic to sl(2) , where k ∈ N .
Then ker A k and im B k are complementary and the corresponding projection from E onto the latter is given, up to a nonzero factor, by
. Then H is semisimple and, by multiplying, if necessary, A (or B) with a nonzero constant, we, also, have
The proof follows.
The Lie algebra associated to a projective manifold
Recall that it is usual to call a manifold projective if it is a compact (complex) submanifold of a projective space. Alternatively, this can be described as a manifold Z endowed with a very ample line bundle L (see [5] ); more precisely, an embedding of Z into a projective space is induced by a very ample line bundle over Z if and only if it is normal and its image is not contained in a projective hyperplane.
If L is a line bundle over Z (assumed compact) then we have an exact sequence of vector bundles [1] 
C\{0} . As the space of sections of E can be identitified with the space of C \ {0} invariant vector fields on L * \ 0 it is endowed with a bracket with respect to which it is a Lie algebra. We call this Lie algebra the Lie algebra associated to L and we denote it by g L .
Note that, g L is just the extended Lie algebra of infinitesimal automorphisms of L . If, further, L is very ample then the dual V of the space of sections of L is a representation space for g L .
It is useful to understand when a vector field X on Z is induced, through ρ , by an endomorphism of V . For this, let c be the (first) Chern class with complex coefficients of L . Then c is, also, the obstruction [1] for (2.1) to split, and it follows quickly that there exists a section X of E such that ρ X = X if and only if ι X c = 0 ; equivalently, X is the restriction to Z of a vector field on P V . Note that, the endomorphism A on the space of sections of L whose dual induces the vector field on P V restricting to X on Z is obtained as follows. The fact that ι X c = 0 is equivalent to the fact that L admits a 'partial connection' on L , over X, whose covariant derivation we denote by ∇ X . Then, essentially, as in the proof of [13 (ii) g L is not abelian.
Proof. Suppose that g L is not abelian and let s be the nilpotent radical (see [3] ) of g L . If s = {0} then, obviously, (i) holds. If s = {0} then g L is reductive and, as it is not abelian, (i) holds by the theory of semisimple Lie algebras (see [9] ). If g L is abelian then, as g L is linear algebraic, it is the Lie algebra of an algebraic torus (that is, a linear algebraic group isomorphic to the group of diagonal matrices in GL(n) , for some n ∈ N \ {0} ; see [8] ). Therefore, in this case, (i) cannot hold. Proof. The necessity is, essentially, Borel's fixed point theorem (see [18] for a generalization with a simple proof).
For the sufficiency, we may assume the embedding of Z ⊆ P V normal and its image not contained in a projective hyperplane. (This will, also, make the corresponding endomorphism unique, up to a multiple of the identity term.) Then, if we denote by L the restriction to Z of the dual of the tautological line bundle over P V , we have that V is the dual of the space of sections of L .
We shall, also, need the equivalence of the following three facts, which hold for any holomorphic vector field X on a compact Kähler manifold Z (see [13, Theorem 1.5] for a longer list of equivalent facts, containing these three):
(i) X has a zero, (ii) ι X ω is ∂-exact, where ω is the Kähler form of Z, (iii) α(X) = 0 , for any holomorphic one-form α on Z. To prove these equivalences, firstly, note that (i)=⇒(iii) is obvious. Also, by [14, Theorem 4.4(2)] , we have (ii)⇐⇒(iii) , whilst (ii)=⇒(i) is, essentially, contained in the proof of [18, Proposition I] . Now, to complete the proof of the theorem, just note that the Kähler form of Z represents, up to a nonzero constant factor, the Chern class of L with complex coefficients.
Corollary 2.3 (see [13] ). If Z ⊆ P V is projective and with zero first Betti number then any vector field on Z is induced by an endomorphism of V .
Proof. This follows from Theorem 2.2 and its proof.
Corollary 2.4 ( [12] ). Let X be a nonzero vector field on a projective manifold Z. If the zero set of X is nonempty then through each point of a Zariski open subset of Z passes a rational curve.
Proof. By Theorem 2.2 and Proposition 2.1 , either there exists a nonzero nilpotent vector field on Z or g L is the Lie algebra of an algebraic torus. Consequently, either there exists a nonzero nilpotent vector field on Z or there exists on Z a nontrivial action of C \ {0} . The proof quickly follows.
We end this section with the following result.
Theorem 2.5. Let Z be endowed with a very ample line bundle L such that the representation of g L on the space of sections of L is irreducible. Then Z is rational.
Proof. We may assume Z of positive dimension, and let V be the dual of the space of sections of L . As the representation of g L on V is irreducible, we have dim g L ≥ 2 . Hence, from [9, 19.1] we deduce that g L is reductive with center equal to C Id V and nontrivial semisimple part g = [g L , g L ] ; in particular, the representation of g on V is irreducible. Furthermore, an orbit of g on Z (⊆ P V ) of minimal dimension must be Zariski closed and of positive dimension (as the representation of g on V is irreducible). Consequently, that orbit is determined by a highest weight (with respect to the partial order corresponding to a base of the root system determined by a Cartan subalgebra of g ) vector. Let Y ⊆ Z be this closed orbit (which is a generalized flag manifold) and note that g is (canonically isomorphic to) its Lie algebra of vector fields. Now, choose sl(2) ⊆ g such that some (and, hence, any) semisimple element of it is a regular element of g , and let k + 1 be the nilpotency degree (with respect to V ) of its nilpotent elements. Let A, B ∈ sl(2) be nilpotent, linearly independent, and denote
. Then H is regular and, thus, the vector field induced by it on Y has only isolated zeroes.
Note that, P ker A k cannot contain Y for otherwise the representation of g on V would be reducible. Thus, Y passes through P V \ P ker A k where the zero set of the vector field determined by H is given by P im B k . From Proposition 1.5 we deduce that Y is contained by a fibre of the rational map induced by B k A k . Therefore the zero set of the vector field induced by H on P V \ P ker A k is formed of just one point (as the representation of g on V is irreducible) and that point is contained by Z (as that point is in Y ).
Thus, from Proposition 1.5 and the discussion before Proposition 1.1 , we deduce that we may identify Z \ P ker A k and C n , where dim Z = n , (see, also, [4, Theorem 4.1] ) and the proof is complete.
3. An extension of the Birkhoff-Grothendieck theorem Let (P, M, G) be a principal bundle. We have an exact sequence of vector bundles
and the corresponding spaces of sections are, usually, called as follows:
• H 0 (AdP ) is the Lie algebra of infinitesimal automorphisms of P , • H 0 (T P/G) is the extended Lie algebra of infinitesimal automorphisms of P ,
is the Lie algebra of vector fields on M . We denote by µ : H 0 (T P/G) → H 0 (T M ) the induced morphism of Lie algebras. Note that, if M is compact then these are the opposites of the Lie algebras of the corresponding automorphism groups (see [15] ). Definition 3.1. Let (P, M, G) be a principal bundle and let h be a Lie subalgebra of
An h-invariance on P is a section of µ over h , that is, a morphism of Lie algebras
A principal bundle over M endowed with an h-invariance is called h-invariant. In case h = H 0 (T M ) we use the term equivariance/equivariant, instead.
Similarly to [1] , a necessary condition for the existence of an h-invariance is the vanishing of an element of H 1 (h * ⊗ AdP ) .
Any invariance on a principal bundle admits a local description similar to the description of a principal connection through local connections forms.
It is easy to see that the principal bundles endowed with invariances form a category. Also, any flat principal connection on a principal bundle P over a manifold M endowed with a Lie subalgebra h of H 0 (T M ) determines a h-invariance on P , but not all invariances are obtained this way (just look to the principal bundle corresponding to a nontrivial line bundle over the Riemann sphere). We have, however, the following fact.
Remark 3.2. Let ρ : M × h → T M be the vector bundle morphism defined by ρ(x, X) = X x , for any x ∈ M and X ∈ h . Then any h-invariance corresponds to a unique flat principal ρ-connection [16] .
Example 3.3. 1) Let Z be compact and endowed with a very ample line bundle L . Denote by h = ρ H 0 (E) , where ρ : E → T Z is as in (2.1) . Then H 0 (E) ⊆ gl H 0 (L) and, for any X ∈ h there exists a unique A X ∈ sl H 0 (L) such that ρ(A X ) = X. Consequently, on associating X → A X we obtain a h-invariance on L * \ 0 .
2) Let H be a Lie group and let h be its Lie algebra. Let K ⊆ H be a closed subgroup. Then (T H)/K = (H/K) × h and µ restricted to h (identified with the space of constant sections of (H/K) × h ) is the canonical morphism of Lie algebras from the opposite of h to the Lie algebra of vector fields on H/K. Hence, if K does not contain any normal subgroup of H then (H, H/K, K) is canonically endowed with a h-invariance, which we call the canonical h-invariance of (H, H/K, K) .
Furthermore, if ϕ : K → G is a morphism of Lie groups then (H × ϕ G, H/K, G) is endowed with a h-invariance, induced by the canonical h-invariance of (H, H/K, K) .
3) Conversely, suppose that H is simply-connected and semisimple, K is a parabolic subgroup of H and let (P, H/K, G) be an equivariant principal bundle. Then the (infinitesimal) action of h on P integrates to an action of H by extended automorphisms.
Let u 0 ∈ P be in the fibre over K (∈ H/K) . As H acts by extended automorphisms on P , so does K. Consequently, ϕ : K → G characterised by a(u 0 ) = u 0 ϕ(a) , for any a ∈ K, is a morphism of Lie groups. Moreover, P = H × ϕ G and, hence, the orbit of H through u 0 is the image of a morphism Φ of principal bundles from (H, H/K, K) to P . Therefore the equivariance of P is induced, through Φ, by the canonical equivariance of (H, H/K, K) .
Theorem 3.4. Any principal bundle over the Riemann sphere, with a structural group whose Lie algebra is not equal to its nilpotent radical, admits an equivariance.
Proof. Let (P, CP 1 , G) be a principal bundle such that the Lie algebra of G is not equal to its nilpotent radical s . Denote by µ : H 0 (T P/G) → sl(2) the induced morphism of Lie algebras. As sl(2) is simple, it is sufficient to prove that µ is surjective (see [3] ).
As CP 1 is simply-connected, P admits a reduction to the identity component of G. Therefore we may assume G connected. Note that, the connected Lie subgroup of G whose Lie algebra is s is closed. Hence, there exists a submersive morphism of Lie groups from G onto a connected reductive Lie group. Consequently, we may assume G connected and reductive (because we just have to prove that µ is surjective).
If G is abelian, the fact that µ is surjective follows from the proof of Theorem 2.2 . If G is not abelian then AdG is connected, semisimple. Consequently, we may assume G connected and semisimple (and nontrivial). Let V be an irreducible representation of G and denote by H the parabolic subgroup of G which is the isotropy subgroup of the closed orbit of G on P V .
We claim that P admits a reduction to H. Indeed, from a straightforward generalization of [7, Theorem 4] and the complex version of [17, Proposition 3.5.3] , we deduce that, up to a meromorphic automorphism, P is trivial; equivalently, P admits a meromorphic section. Consequently, also, P/H admits a meromorphic section s . But, P/H is a subbundle of the projectivisation of P × H V and, hence, s is, in fact, holomorphic; consequently, P admits a reduction to H.
Finally, as H is parabolic, there exists a submersive Lie group morphism from H onto C \ {0} , and the proof quickly follows. (ii) P admits a reduction to H.
Proof. This is a quick consequence of Theorem 3.4 and Example 3.3(3) .
The notion of invariance can be, obviously, defined for vector bundles, through the corresponding frame bundles, thus, obtaining a notion to which the operations of direct sum and tensor product can be applied. Note that, the 'homogeneous vector bundles' (see [2] ) are canonically endowed with equivariances.
Example 3.6. 1) Let H be the Borel subgroup of SL (2) whose Lie algebra h is the orthogonal complement, with respect to the Killing form, of the (one-dimensional) subspace of sl(2) vanishing on the second element of the canonical basis of C 2 . Then X = diag(1, −1) is a semisimple element of h , where diag u is the k × k diagonal matrix given by u ∈ C k , (k ∈ N \ {0}) .
Let U n be the irreducible representation space of SL(2) of dimension n + 1 , (n ∈ N) . Then, for any m, n ∈ N , the representation of H with respect to which the equivariant vector bundle associated to SL(2), CP 1 , H is U n ⊗ O(m) is given by a representation of h that associates to X the (n + 1) × (n + 1) matrix m I n+1 + diag(n, n − 2, . . . , −n + 2, −n) = diag(m + n, m + n − 2, . . . , m − n + 2, m − n) .
2) Let n ∈ N , n ≥ 2 . Then O(n) induces a SL(2)-invariant embedding CP 1 ⊆ P U n . Any Veronese curve is obtained from this embedding by composing it with an element of P GL(U n ) .
It is obvious that the normal bundle N of CP 1 into P U n is equivariant. Furthermore, the exact sequence (2.1) applied to the tautological line bundles over CP 1 and P U n give the following equivariant exact sequence Consequently, N is associated to SL(2), CP 1 , H through a representation that associates to X ∈ h the (n − 1) × (n − 1) matrix diag(2n, 2n − 2, . . . , 4) = (n + 2)I n−1 + diag(n − 2, n − 4, . . . , −n + 2) .
It follows that N = U n−2 ⊗ O(n + 2) . 1) Any principal bundle P over the Riemann sphere, with a structural group whose Lie algebra is reductive, admits a unique equivariance whose orbits on P have dimension at most 2 .
2) Any principal bundle over the Riemann sphere, with a structural group whose Lie algebra is reductive, admits a unique flat ρ-connection, where ρ is given by (2.1) applied to the tautological line bundle over the Riemann sphere.
